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5.1.1 The Discrete-Time Fourier Transform

Derivation: (Analogous to CTFT) except elWn = glw+2m)n)
 X[n] — aperiodic and (for simplicity) of finite duration
- N is large enough so that x[n] = 0 if [n| = N/2

» x[n] =x[n] for [n] < N/2 and periodic with period N

x[n]
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Z[n] = Z are’ ™ Om | wy = N DTFS synthesis eq.
k=<N> :
1 - |
a. = — Z Fnle—dkwon DTFS analysis eq.
= 0
=< N =
1 4"'&,!1-2 1 (e =
_ ﬁ :E[H]E—jkw{m _ ﬁ Z :E[ﬂ]e—jkwnn
'J’I-:—Nj_ 1= — ™
Define
X(e?v) = Z z[nle™?*" | — periodic in w with period 27
n=—oc
v 1
ap = =X(e/*)

N
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j’_‘;[n] — Z _YX(ejku)u) e]kwnn _ 2_ Z )((e_;ku;n)ejkwnnw(} (*)
i

AV

k=< N> % > s k=<N>
ag
As N — o0 : Z[n] — z[n] for every n

wo — 0, E wu—a»/du.;

The sum in (%) — an integral

[l The DTFT Pair

zn)=— [ X(e¥)e!"dw Synthesis equation
2m 27
0
Any 27 - ’ 4t : :
L . X(e?¥) = E z[nle e Analysis equation
interval in w
Nn=-—9oC0

\
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5.1.2 Convergence Issues

- Synthesis Equation: None, since integrating over a finite

interval
- Analysis Equation: Need conditions analogous to CTFT,
e.g. o
Z \T[HHQ < 00 — Finite energy
n=—o0
or
00
Z z[n]| < oo — Absolutely summable

n=—oo
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5.1.3 Examples of DT Fourier Transform

 Unit Impulse
x[n] = S[n] <> X (e'*) =1

- DC Signal
X[n]=1¢> X (e*) =27 ) d[w—2xl]
Proof: -

1 o i 1 o= -
— | X(e)e"do=—| 27) o(w—2a)’"d
27z2-.; (e'“) @ . L[ ﬂlz (w ) @

1 o -
=— | 27o(w)e'dw=1
27 Lf (@)
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- Exponential Signal

i : 1
X[n] =« u[n]<—>X(ja))=1 - la|<1

X(eh)| a>0
(a
V1 — 2acosw + a2 - = . v
: 1 1
S 0 o ‘,¥ ejw — — Nei"')l
N ) V1—-2a+a2 1-a K =
1 1 M
=T X(GJW) — = = 1=
V1+2a+a2 1l+a AL 1
-en - 0 T 27 (.)/\
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- Rectangular Pulse
“  sinw(N, + %) |
] e X (') = _ = X (ej(w_h))
> sin(w/ 2)
| i | 1, 0w|<W
x() = — [ e"de =TT, x (eio) ={ @
27 W o 7N 0. Wwlkn
x[n

W

Notes: W < ¢

T
VPOV 1 1 1§ PSP
0 n
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5.1.4 DTFT of Periodic Signals
x\n| = x[n + N|

2m  DTFS

|0 — ;jkwﬂn“ — .
t[n] = Z Ak c WO =7 synthesis eq.
k=< N>

o0
From the last page: e/k«om «— 27 E d(w — kwo — 27m)

m=—00 ) )
Linearity of

| oo . DTFT
X(v) = Z ap | 2w Z 5(w—kw0—27rm)}/

k=<N> m=—o00

=

N 27k
= 27 Z agd(w — kwo) = 2 Z a0 (w—%)

h=—m0 k=—=ro
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« DT sine function

als T w
j qj.

1

e Jwon

jwon

X(e!¥) = % Z O(w —wp — 2m™m) — -;I Z d(w + wp — 2mm)

m=-—00 m=—00
X(e'™)
; ; "
-2m- ), | | -, | 2m- , | | eee
21+ ®
|' o 2 4, |' : i o 21+, o
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» DT periodic impulse train

o
x[n| = Z d[n — kN] wo = 2w /N
v — = DO
x[n]
1
N 0 N N n
1 . .
ar = =~ Z :r[n]e_”“'”””' X(e'®)
- n=<N>
R, 1 2N
_ . —jhkwon __
_EZi[H]E J H—E 1
n=>_0 - sew s
=6(n]
Y 2
. G 2k L @
Jwy — , i N
X(e™) Nk_E_ 5("" N)

— Also periodic impulse train — in the frequency domain!



m " Institute of Media,
. .11 Information, and Network

Topic

O 5,1 discrete-Time Fourier Transform (BT FT)
O 5.2 Properties of the DT FT

O 5.2 convolution Property of the DTFT

O 54 2.2 PROPERTIES OF LTI SYSTEM



m " Institute of Media,
. .11 Information, and Network

- Periodicity

X (ej(a)+27z)) _ X (eja))

— Different from CTFT

Example: ) )
Suppose: X(e'") = k_z (—1)k5(w—%)
Determine: x[n]

- Linearity
x[n] <> Xl(ejw) X,[n] <> Xz(ejw)

ax[n] +bx,[n] <> aX, (") +bX, (e")
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- Time Shifting and Frequency Shifting
x[n] < X (')

x[n—n,] <> e 0 X (e')

el®"x[n] <> X[e!“ )]

— Important implications in DT because of periodicity
Example:
X(e'®)

HF

-2 —TT LF T 27

wo =, yn] = ™ xn] = (—1)"xz[n]
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« Time Reversal
z[—n] «— X(e7%)

- Conjugate Symmetry

x[n] real = X(e/¥) = X*(e %)

\

X (e’*)| and Re { X (e’*)} are even functions
/X (e*) and Sm { X (e?*)} are odd functions

and
z[n] real and even < X (e’%) real and even
x[n] real and odd < X (e/*) purely imaginary and odd
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- Time Expansion
> Recall CT property: a(at) — —X (j (£))
= But in DT x[n/2] makes no sense
X[2n] misses odd values of x[n]

> We can “slow” a DT signal down by inserting zeros:
K —an integer > 1
Xgln] — insert (k - 1) zeros between successive values

X[n]

ta1lga11 -

EXEEE Insert two zeros
L1 in this example
(k=3)
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otherwise — Stretched by a factor

[ ] :f:f[n;’k] iIf nisan integer multiple of k
T —
0
of k In time domalin

Xy(e¥) = Z z(ky[n]e ™I S U Z Z (k) [mk]e34mk
n=-—oo m=-—o00
= Z z[m]e 7 FIm — X (e7*) _compressed by a factor
m=—00 of k in frequency domain
X(el?) X ae1?)=X(ei3®)

N 2 A AWA

{ T I T
T ()] —T - glj 0]
3 3
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- Differencing and Accumulation

x[n]—x[n—1] < (L—e )X (')
S xm] <> 1_2_1@ X (€17) + 7X (€1%) 3 8(er— 27K)

m=—o0

Example: -~ u[n]= 25[m] o[n] <1

1
1—g7

~u[n] < SRR > 6(w—27k) =
k=—c0

+7 Zé(a) — 27K)
k=—c0

n

Notes: Y X[m] = x[n]*u[n]

M=—0
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- Differentiation in Frequency

dX (e!”
nx[n] <> | (e™)
dw
X(e¥) = Z x[nle”Ivm
N==—00
iX(ej‘“) = —J Z nx[n]e <"
dw n=—00
|} multiply by j on both sides
Multiplication nzln] o j— d X (e79) Differentiation
by n . dw in frequency
- Parseval’s Relation
[
1
| 2[n]|* = X ()] dw
Total energy in ,,——__ 2'7 J 27 Total energy in
time domain ~~ d M

frequency domain




Institute of Media,
Information, and Network

(.01
Topic

O 5,1 discrete-Time Fourier Transform (BT FT)
O 5.2 Properties of the DT FT

O 5.2 Convolution Property of the DTFT

O 54 2.2 PROPERTIES OF LTI SYSTEM



Institute of Media,
Information, and Network

M.l

5.3.1 Convolution Property

h[n] »y[n] = hin| * z[n]

A 4

x[n]

Y (e/¥) = H(e?*) X (&%)

= Frequency response H(e’*) = DTFT of the unit sample response
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- Example: Enginfunction property of discrete exponential

x[n] = 70" —— X (eI¥)

Y (e/*)

H Peﬂod ic

27 i O(w — wy — 27k)

k=
G'}w Z (5..:;—:.»0—2‘1'}1)
k=—oc
o0
27 Z H (&3« 27k 5(y — wy — 27k)
k=—c
H(e™0)2m Y §(w — wo — 27k)
k=—00

H (ejtu‘u )ejn.:.‘n n
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- Example: convolution of exponentials

hin| = a™uln], z[n] = 8"u[n] lal,|8] <1
. 1 : 1
Jwy — Jwy

H(e™) 1 —ae v’ X(e™) 1 — Be—iw

i =l — 1)~ (L) ()

- ratio of polynomials in e~ 7%

,, _ oy PFE A B
B#a:Y(e) = 1 — ae— v " 1 — Be-w

A, B - determined by partial fraction expansion

y[n] = Aa"uln| + BF"u[n]
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When a=[, by exploiting the differential property
in frequency domain , one obtains

i 1 ) ov_J w d |

| — e
x| ne AL I_ :
| = e '™
" FT . d | !
nar nw|n]e g :
] Jdm[l—mf-”“J
. : o |
(n+Da" uln+1]2— je' [ "“J
dm' 1 —ce ™’

yin]=(n+Da"uln]
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5.3.2 Frequency Response

L0 I yln]

y[n]=x[n]*h[n]

Let:  x[n]<> X(€*) y[n]<>Y (")

H (ej”) = Z h[n]e‘j“’” —frequency response
n

Conditioned on: Z\h[n]\ < O —i.e. stable condition
n

Y(e') =X (e'")H(e")
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- The frequency response is the F.T. of the impulse response, it
captures the change in complex amplitude of the Fourier transform
of the input at each frequency w

- The frequency response H(ejw) can completely represent a stable
LTI system (NOT all LTI systems), as its inverse transform, the unit
impulse response h[n]

- The frequency response is the F.T. of the impulse response, it
captures the change in complex amplitude of the Fourier transform
of the input at each frequency w

H(ei® )= |H(el® izH(e™)
e

Magnitude gain Phase shifting
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L Example A Hlp(eja)) —LPF

—|27r _Z 4 7 27 :
4 4
Ath(eja})

—HPF

| | | >
7 %5, o1 o
4 4

Hip (€)= Hyy (€7 )
hyo[n] =1, [n] = (~1)"h, [n]
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5.4.1 Multiplication Property of DTFT

1

yln] = 2] - o] — V() = = [ X(e%)Xa(e1=0)do
27 27
= %Xl (e7¥) @ Xo(e?)
< Periodic Convolution
Derivation: V() = 3 ai[n]-zafn]eden
n=-—oQ
= i i Xl(ejg)eje"dé’ :Eg[n]e_j“"'n
n=-—oo 2m 2m
1 0 — . |
= 5 %(Xl(eja) Z zo[n)e =0 qg
= n=—oc
Xz(e;(:’ )
1

= — | X1(e9) X5 (7“0
\ 2T Jor 1(e7) Xele ) /
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- Calculating Periodic Convolutions
Suppose we integrate from —m to

. 1 T . :
Y(E*) = — X1 (/) X5 (7“9 dp

2w ) _
1 [ 5 e
= o /_ . X1 (7)) X5 (e7 =9 ap

where

. X, (e? <
Xl(ejﬁ):{ 1(() )7 |9| ST

0, otherwise
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- Example:

. r)
. sin(rn/4)\" sin(mn/4
yln| = (L/)) =z (n| - x2(n|, xi[n]=a2n| = s S (wn/4)
™ —
Y(e) = —Xi(e) @ Xa(e')
i\
X (e
|
2x % _;1 z n - 0
X,{ej"“"*”)
' R | I | L
® -2 @ g o' 4 o2 T 0
Y(e®)
|
/\ A /\
2% _’; ;‘ om o
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Duality in Fourier Analysis

« CTFT: Both time and frequency are continuous and in general

aperiodic
:./ X (jw)d .’fd‘“' Same except
for these
differences
X(jw) / t)c. " dt

Suppose f() and g() are two fufictions

related by -
f0) = [ gweirar
Let 7=t and r = w: r1(t) = g(t) «— X;(jw) = f(w)

Let 7= —wand r =t ro(t) = f(t) «— Xo(jw) = 27g(—w)
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Example of CTFT duality

Square pulse in either time or frequency domain

X1 (jw)
X1 (1) )
1
5 TUT, 1T
-y T4 t \ U4 \J o
) Xa(jo)
/Wfl'[ 1
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Duality between CTFS and DTFT

.....................................................
‘e
.......
fea,
‘e

..
-------
.
st
o®
o®
.
.
.
.

CTFS ™. x(t)= are’™t =zt +T), wo= TT ;
"""""""""" ‘n:—”o
T e
............ T T ...--"".'.
s 1 w ..... ﬂ ........
DTET T[n] = — X(e?)e! " dw
............... 27 27T

aet
annr
---------------------------

oooooooooooooooooooooooooooooooooooooooo
..

..
e
e
-----
-------------------------------------------
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Suppose f(-) is a CT signal and g[-] a DT sequence related by

+ 00
f(r) = Z g[m]e!™™ = f(r + 2m)

TN = D0

Then

r(t) = f(t) «— ai. = g[k]

(periodic with period 27)

2[n] = gln] — X(e) = f(~w)
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Homework

- BASIC PROBLEMS : 5.1, 5.4, 5.6, 5.8, 5.9
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